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An LLM is a function h which, given any finite-length input string s = w0:q−1, 
outputs a string of tokens h(s) that completes s within a finite time.





Defining Hallucinations

For example, f could be a function that answers “true” for factual statements and 
“false” for non-factual ones. 
We only assume that such computable f always exists (though its exact 
implementation might be unknown) in our formal world for all tasks.



Defining Hallucinations



Training an LLM

In the formal world, using our definition of hallucination in Definition 6, the core 
question of whether hallucination can be eliminated can be translated to:

Open Question: What if;  Distance(h(s), f(s)) < epsilon  instead of =?







Hallucination is Inevitable for LLMs

The P-provability assumption is important because we cannot enumerate the set 
of total computable functions and thus cannot apply the classic diagonalization 
argument. However, we can enumerate the set of P-proved total computable 
functions using P as the enumeration algorithm.



Proof





Open Problems

What real-world problems can be provably addressed by LLMs without 
hallucination? 

Corollary 1 highlights the relation between computational complexity and 
hallucination. What tasks are intrinsically more difficult than others? How to design 
benchmarks to evaluate LLMs on tasks with different computational complexities?

For problems which are provably within LLMs’ capabilities, is it more preferable to 
use LLMs or use programs coded specific for the problems? Should we train an 
LLM that does everything or an LLM that can use proper tools for specific 
problems?





Formal Description of the Model

Candidate Languages (C): Countable list C={L1,L2,L3,…} 

● Each Li  is a subset of a countable set U.
● Each L i is infinite.
● Access to a black box answering "Is w∈Li ?" for any string w∈U and language 

Li∈C.

Game:

● Adversary: Chooses a language K from C without revealing it.
● Algorithm: Attempts to identify and generate strings of K.
● Process:

○ Adversary enumerates strings of K over time t=1,2,3,…
○ Strings can be repeated, but every string w∈K appears at least once.
○ St : Set of strings enumerated by adversary up to step t





Results



Result for Finite Collections
C={L1,L2}

● L1 : All possible strings;      
● L2: Strings of even length.
● If bound t(C) existed, after t(C) samples, the algorithm should identify K.
● Adversary presents t(C) even-length strings, then asks the algorithm to guess:

● If algorithm guesses L2 , adversary says L1 , and vice versa.

Conclusion:

● No fixed bound t(C) can guarantee correct identification by t(C) samples.
● Limit Learning: Algorithm can still identify K in the limit, adjusting guesses over 

time:
○ Guess L2 until an odd-length string appears, then switch to L1.



Result for Finite Collections

However, for the problem of generation with a finite collection of candidate 
languages, it is possible to provide this much stronger type of uniform bound, via 
an algorithm that can generate correctly after seeing a finite sample t(C) whose 
size is specified at the outset. 



Proof Outline

- Finite Collection of Candidate Languages: C={L1,L2,…,Ln}

- Consistent Languages: After adversary enumerates set S, consistent languages are 
Li1,Li2,…,Lik The true language K is among these.

- Mutual Intersection: ⟨S⟩=Li1∩Li2∩⋯∩Lik

Solution

- If there is a string in ⟨St⟩ − St, then it is always safe to generate such a string; by 
definition, it must be an unseen string from the true language K



A Model of Prompting

Provides two items at each step t:

● String wt: From the true language K.
● Prompt pt : May be reused across steps.

Algorithm’s Goal: Generate valid strings based on prompts:
● Algorithm must produce ct  so pt⋅ct∈K−S, where St={w1,w2,…,wt}

Definition (Robust Prompts:): We say that a prompt p is robust if for all languages Li∈C, 
there exist arbitrarily long strings c where p⋅c ∈ Li .



Conclusions

Assumption: Samples come from a language in a known countable collection.

Finite Collections:

● Core Emergence: After finite observations, a large "core" (closure of the sample) emerges.
● Generation Focus: Generate from this core, though some peripheral parts remain unknown.

Infinite Collections:

● Continuous Shrinkage: No known time for core emergence.
● Algorithm Strategy: Continually shrink the set for generation.



Conclusions

Validity vs. Breadth:

● Validity: Producing valid strings from the target language.
● Breadth: Avoiding restriction to a limited subset of the target language.
● Strategy: Validity achieved by giving up breadth.

Parallel to Human Learning:

● Phases of Language Acquisition:
○ Initial Phase: Generating adventurously, producing invalid utterances.
○ Middle Phase: Utterances align with the language scope.
○ Final Phase: Utterance range shrinks, becoming conservative.


